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SYMBOLS 

v = v e l o c i t y   o f   t h e   r o c k e t  
v = v e l o c i t y   o f   t h e  missile a t  burnout  

t == t i m e  
tc = d u r a t i o n  of combustion 

v = e f f e c t i v e   v e l o c i t y  of exhaus t   gas  

W = weigh t   o f   rocke t  
Wo = weigh t   o f   rocke t  a t  launch 

Wu = weight  of payload 

W = weight  of p r o p e l l a n t  

Ws = weight  of s t r u c t u r e  

Wc = weight  of r o c k e t  a t  burnout  

G = l oad   bea r ing   we igh t   o f   exhaus t   gas  
R = ae rodynamic   r e s i s t ance   o f   rocke t  
CR = f (M) c o e f f i c i e n t  of ae rodynamic   r e s i s t ance  

CR = f  (VR) c o e f f i c i e n t  of r e s i s t a n c e   i n   p r o p e l l e d   f l i g h t  
CRc = c o e f f i c i e n t   o f   r e s i s t a n c e   i n   i n e r t i a l   f l i g h t  

g = a c c e l e r a t i o n   o f   g r a v i t y  
S = p r o p e l l a n t   d e c a y  
Sm = m a i n   s e c t i o n   o f   r o c k e t   r e f e r e n c e  

p = d e n s i t y  of t h e  a i r  

C 

e 

P 

- 
- 

- 
p = a v e r a g e   d e n s i t y   i n   p r o p e l l e d   f l i g h t  

pf = a v e r a g e   d e n s i t y   i n   i n e r t i a l   f l i g h t  

c1 = r a t i o   o f   t h e   d e n s i t y  
2 = a l t i t u d e   o f   t h e   r o c k e t  
Zc = a l t i t u d e  a t  burnout  

Zf = maximum a l t i t u d e   a t t a i n e d  by t h e   r o c k e t  

E = d i m e n s i o n l e s s   q u a n t i t y   ( 1 0 )  
E = d i m e n s i o n l e s s   q u a n t i t y   c a l c u l a t e d  by t = t, 

T = d i m e n s i o n l e s s   q u a n t i t y  (11) 
a2 = d i m e n s i o n l e s s   q u a n t i t y   ( 1 2 )  

A = d i m e n s i o n l e s s   q u a n t i t y   ( 2 1 )  
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A NEW METHOD OF APPROACHING 
THE DESIGN O F  SOUNDING ROCKETS 

E. Gismondi,  Doctor  of  Engineering 

ABSTRACT. The a u t h o r   o f   t h i s   r e p o r t   i n t e n d s   t o   p r e s e n t   r o c k e t  
des igners  a ve ry   s imple   ca l cu la t ing  method  of p r e c i s e l y   d e t e r -  
m i n i n g   t h e   p r i n c i p a l   c h a r a c t e r i s t i c s   o f  a rocke t   t ha t  meets 
the  requirements  set f o r t h  by the  design  problem. The  method 
may a l s o   b e   u s e d   t o  compare t h e   i n f l u e n c e   o f  some parameters  on 
t h e   c h a r a c t e r i s t i c s  and  the  performance  of  rockets.  The  method 
proposed   has   been   appl ied   to   ana ly t ica l   so lu t ions   which   requi re  
only a certain amount of   s impl i f ica t ion   and   which   can   be  elimi- 
na ted   w i th   i t e r a t ion .  

INTRODUCTION 

I n   g e n e r a l ,   i n   o r d e r   t o  set  up a d e s i g n   p r o j e c t   f o r  a s ingle-s tage   rocke t  /3* 
i n   v e r t i c a l   a s c e n t ,  tests are made based  on  s imilar   rockets '  and  on personal  
experience,   wi th   the  a id   of  a d i g i t a l  computer. 

Th i s   r epor t  is in t ended   t o   g ive   des igne r s  a very   s imple   ca lcu la t ing  method 
o f   p r e c i s e l y   d e t e r m i n i n g   t h e   p r i n c i p a l   c h a r a c t e r i s t i c s  of a rocke t   t ha t  meets 
the  requirements  set  f o r t h  by the  design  problem.  This method can   a l so   be  
used  to  compare t h e   i n f l u e n c e   o f  some parameters on t h e   c h a r a c t e r i s t i c s  and 
performance  of  rockets. 

With successive  approximations,  i t  is poss ib l e   t o   app roach   r e su l t s ,   wh ich  
a r e   s a t i s f a c t o r y   f o r   s e t t i n g  up a des ign   p ro j ec t .  

The in t roduc t ion   o f   nond imens iona l   quan t i t i e s   r e su l t ed   i n  a nondimensional 
s o l u t i o n ,   w i t h   r e s p e c t   t o   s e l e c t i n g   f r o m   t h e   f a m i l y  of rockets   that   one  which 
might   sa t i s fy   the   requi rements .  

The new method has   been   app l i ed   t o   ana ly t i c   so lu t ions ,   wh ich   on ly   r equ i r e  
a c e r t a i n  amount o f   s i m p l i f i c a t i o n ,  and  which  can  be  eliminated  with  the 
i t e r a t i o n   o f   t h e  method a p p l i c a t i o n .  

With the  attached  nondimensional  graphs,   however,  a d i g i t a l  computer w a s  
u sed   fo r   g rea t e r   p rec i s ion .  A t  t h e  same time, t h e   p r i n c i p l e   o f   t h e   s o l u t i o n  
con t inued   t o   be   va l id .  

1. Propelled  Ascent - 14 

To c a l c u l a t e   t h e   v e l o c i t y  and a l t i t u d e   a t t a i n a b l e  by a ve r t i ca l ly   l aunched ,  
s ingle-s tage  sounding missile, i t  is n e c e s s a r y   t o   i n t e g r a t e   t h e   d i f f e r e n t i a l  

* Numbers i n   t h e   m a r g i n   i n d i c a t e   p a g i n a t i o n   i n   t h e   f o r e i g n   t e x t .  
.. 
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Ill I 

equa t ion   va l id   fo r   t he   p rope l l ed   po r t ion   o f   t he   rocke t ' s   f l i gh t :  

dv G 
d t  W 

R - = ve " g +  

To s impl i fy   t he   ca l cu la t ion   p rocess   w i thou t   de t r ac t ing   f rom  the   p r inc ip l e  
of   the  problem,  the  rocket  w a s  considered a t  angle   of  t r i m  0 i n   r e g a r d   t o  
t h e   t r a j e c t o r y ,   t h e n   a e r o d y n a m i c   l i f t  0 , in   an  unperturbed  a tmosphere.  

The terms of  Equation  (1) are as follows: 
9 

CR 1 / 2  p s vLg 
dv = V e  d t  - g d t  - m 

Wo - G t  Wo - G t  d t  

It is  n o t   p o s s i b l e   t o   i n t e g r a t e   E q u a t i o n  ( 2 )  a n a l y t i c a l l y   s i n c e   t h e   d r a g  
c o e f f i c i e n t  C r  is a funct ion  of   the Mach number o f   f l i g h t ,   t h e   d e n s i t y   o f   t h e  
a i r  depends   on   t he   a l t i t ude ,   t he   e f f ec t ive   ve loc i ty  of the  exhaust  gas  depends 
on  the  ambient  pressure (and thus on t h e   a l t i t u d e )  , and the   acce le ra t ion   o f  
g r a v i t y  g depends   on   the   a l t i tude .  

For   the   approximate   ana ly t ic   in tegra t ion   of   Equat ion  ( 2 ) ,  some s i m p l i f i e d  
hypotheses are presented:  

- v = v = cons tan t  (3)  : t h e   e r r o r  which  can  be made i n   c a l c u l a t i n g   t h e  

t h r u s t  is 10% a t  the  most;  however, i n   a n   i t e r a t i o n  of   the  calculat ion  method,  
i t  is  p o s s i b l e   t o   a d o p t  a more real is t ic  average  value.  

e e 

g = = cons tan t  ( 4 )  : t h e   e r r o r  made is n e g l i g i b l e .  

p = = cons tan t  (5) :  an  average  value of t h e   d e n s i t y   i n   t h e   p r o p e l l e d  
p o r t i o n   o f   t h e   r o c k e t ' s   f l i g h t  i s  assumed,  and t h i s   v a l u e  is modif ied  during  the 
i t e r a t i o n  o f   t he   ca l cu la t ion .  

- 
CR = CR = f(VR) ( 6 )  : the   veloci ty   of   sound is assumed to   be   cons tan t   wi th  

t h e   a l t i t u d e  s o  tha t   the   d rag   coef f ic ien t   depends   on ly  on t h e   v e l o c i t y .  The /5 
e r r o r  which is  committed is not   g rea t   s ince   the   ve loc i ty   o f   sound  depends  on 
the   square   roo t   o f   abso lu te   t empera ture  a = e. 

v = v ( 7 ) :  v e l o c i t y  v which  introduces  the  second  par t   of   Equat ion ( 2 )  

f o r   t h e   c a l c u l a t i o n   o f   t h e   d r a g ,  is  c a l c u l a t e d  as i f   t h e   d r a g  were 0 , according 
to   t he   equa t ion :  

R 

f rom  wh ich ,   i n t eg ra t ing   be tween   i n i t i a l   i n s t an t  t = 0 and t ,  the   fo l lowing  
is obtained: 

2 



Veloci ty  v i s  t h e n   g r e a t e r   t h a n   t h e   e f f e c t i v e   v e l o c i t y   o f   f l i g h t  a t  t h e  R 
same i n s t a n t  t. 

The d rag   ca l cu la t ed   w i th  v is g r e a t e r   t h a n   t h e   e f f e c t i v e   r e s i s t a n c e .  

In   Equat ion   (2)   an   e r ror  is introduced  which  causes   the  veloci ty  and t h e  

R 

a l t i t u d e   a t t a i n a b l e  by the   rocke t  t o  b e  less than real values .  

The fol lowing  nondimensional   var iables  are given: 

E = -  G t  

wO 
E (itc c = -  

wO 

For a d i scuss ion   o f   t he   s ign i f i cance   o f   t he   d imens ion le s s   quan t i t i e s ,  see 
Paragraph 3 .  

Equation (9)  is transformed as fol lows:  

VR - - -v [ log  (1-€1 + 3 e 

Since   t he   d rag   coe f f i c i en t  CR = f ( v  ) depends  only  on 
- 

R 
i s  obtained : 

- 
c = f(E,O) R 

- I 6  

(13)  

v the   fo l lowing  R '  

By s u b s t i t u t i n g   p o s i t i o n s  ( 3 ) ,  ( 4 ) ,  (5), ( 7 ) ,  ( l o ) ,   ( l l ) ,   ( 1 2 ) ,  and  (14) i n  

tc 
Equat ion   (2)   in tegra t ion  is obtained  between = 0 and = c = - 

wO 
t o   o b t a i n  v' . 

C 

Th i s   ve loc i tv  w i l l  be  less than   t he  renl v a l u e   s i n c e  it achie-.red. i n   t h e  
c a l c u l a t i o n  of: t he   d rags ,  a v e l o c i t y  VR greacer   tnan  che real  value.  To i n t r o -  
duce   t h i s   e r ro r ,   bu rnou t   ve loc i ty  is assumed to   be   the   average   va lue :  

3 



V L + V  vc = C R 
2 

be tween   t he   ve loc i ty   ca l cu la t ed   w i th  a r e s i s t ance   h ighe r   t han   t he  real va lue ,  
and   the   ve loc i ty   ca lcu la ted   wi thout   res i s tance :  

I n t e g r a t i n g   a g a i n ,   t h e   a l t i t u d e   a t t a i n a b l e   b y   t h e   r o c k e t  a t  burnout is  
obtained : 

log(l-Ec)+- 
- - - 
2 2  40 1 - E  1 ds dE (17) 

0 0  

2. 

ues 

Ine r t i a l   Ascen t  

The v e r t i c a l   a s c e n t   o f   t h e   r o c k e t ,   a f t e r   t h e   p r o p e l l a n t  i s  consumed, contin- /7 
t h r o u g h   i n e r t i a ,   a c c o r d i n g   t o   ' t h e   d i f f e r e n t i a l   e q u a t i o n :  

n 

It i s  n o t   p o s s i b l e   t o   i n t e g r a t e   t h i s   e q u a t i o n   a n a l y t i c a l l y ,   d u e   t o   t h e  
same reasons   s ta ted   for   Equat ion  ( 2 ) .  

The fol lowing  s implif ied  hypotheses  are given: 

g = g = constant  ( 4 ) :  t h e   e r r o r  committed is  s t i l l  n e g l i g i b l e .  
- 

Pg 
= ap = constant  (19) .  A cons tan t   va lue   o f   the   dens i ty   p ropor t iona l   to  

va lue  v, adopted   in   the   p rope l led   por t ion   o f   the   rocke t ' s   f l igh t , .  is assumed. 
It is  p o s s i b l e   t o   r e d u c e   t h e   e r r o r   w i t h   s u c c e s s i v e   i t e r a t i o n s  of t he   ca l cu la -  
t i o n .  

- 

C = = constant  (20) : a cons tan t   va lue   o f   the   d rag   coef f ic ien t  i s  

assumed,  since a f a i r   p r o p o r t i o n   o f   t h e   i n e r t i a l   f l i g h t  i s  achieved a t  super- 
son ic   ve loc i ty .  

R RC 

The d imens ionless   var iab le  is  introduced: 

2 2(1--Ec) 

CRC CiTU 
A = _  

4 



By in t roducing   d imens ionless   var iab les  (lo), (ll), (12),  and  (21), and 
p o s i t i o n s  (4), (19), and (20), Equation (18) becomes: 

Equation (22) is in tegra ted   wi th   the   fo l lowing   boundary   condi t ions :  

t = tc 

v = v  i n i t i a l  
C 

2 - 2  
C 

v = o  j f i n a l  

- 
v = 7 A t a n  [ ( t c  - t )  e + a r c   t a n  (x r) e l V C  V 1 e 

V A  e arc t a n  (-= ) 1 vc 
tf  - tc 

= -  - 
g A ve 

V 
--L 

- e 2  
x A l og   cos  arc t a n  (-=) 

1 vc 

A ve 
Zf  - zc - " 

3.  Discussion and Signi f icance   o f   the   Nondimens iona l   Quant i t ies  

A l l  o f   the   nondimens iona l   quant i t ies   se lec ted   have   phys ica l   s ign i f icance :  

E =  
C 

W 

wo 

G-  - v  

wo 
= -  S 

wo 

(10)   represents   the  percentage  of   pro-  
p e l l a n t   w i t h   r e s p e c t   t o   t h e   t o t a l  
i n i t i a l   w e i g h t   o f   t h e  missile. 

(11 )   r ep resen t s   t he  main t h r u s t   s e c t i o n  
r a t i o .  

(12 )   r ep resen t s   t he   acce le ra t ion  a t  
launching 

For a fami ly   o f   rocke ts ,   the   ra t io   be tween  the   weight  of t h e   s t r u c t u r e  and 
the  propel lant ,   and  the  weight   of   the   propel lant   remains  constant .  

W S  y = -  
wP 

5 
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It is p o s s i b l e   t o   g i v e   t h e   f o l l o w i n g   d e f i n i t i o n   o f :  

W 
U - =  1 - E ( 1  + Y), 

wO C 

the   ra t io   be tween  the   payload   and  rrhe weight  of  the  rocket a t  launch. 

It is  convenient   to   seek  the minimum value  of  E i n   o r d e r   t o   h a v e   t h e  maxi- 
mum payload a t   equa l   we igh t  a t  t h e  t i m e  of  launch. C 

A2 w + wu 
S 

W 
C 

represents   the   ra t io   be tween  the   hypothe t ica l   aerodynamic   res i s tance   o f   the  
r o c k e t   i n   i n e r t i a l   f l i g h t ,   c a l c u l a t e d   w i t h   t h e   v e l o c i t y  v = and t h e  

weight  of  the  rocket a t  burnout.  Thus parameter 1 / A  r ep resen t s   t he   hvpo the t i ca l  
d e c e l e r a t i o n  of t h e   r o c k e t   i n   i n e r t i a l   f l i g h t   a n d   n e n c e   a n  estimate of the   aero-  
dynamic braking a t  tnrust   decay.  

4 .  Method f o r   S e t t i n g  Up the   Des ign   Pro jec t .  

2 e' 

For  the  design  of a s ingle-s tage  sounding  rocket ,  i .e . ,  t o   de t e rmine   t he  
p r i n c i p a l   c h a r a c t e r i s t i c s   f o r   t h e   r e q u i r e d   p e r f o r m a n c e ,  j t  is necessa ry   t o  
e s t a b l i s h   i n   a d v a n c e :  

- the  aerodynamic  shape  and  thus  the  behavior  of  the  coefficient of 

- the   type  of   propel lant   and  thus  the ve ( 3 ) ;  

- the   p rope l lan t   sys tem and the   r e l a t ed   l oad   bea r ing   s t ruc tu re   necessa ry ;  

r e s i s t a n c e  (6) and (20) ; 

their   weight   can  be  considered  proport ional   to   the  weight   of   the   propel lant  

wS 
Y = w (28) ; 

P 
- t h e   d i s t r i b u t i o n  of   the  densi ty   of   the  a i r  and thus 7 (5) and a (19) ; 
- the   average   va lue-   o f   the   acce le ra t ion   of   g rav i ty  g ( 4 ) .  

On the   o ther   hand ,   the   fo l lowing  are known: /10 

w = w  + w   + w  t o t a l   i n i t i a l   w e i g h t  (30) o u  S P  

w = G t c  i n i t i a l   p r o p e l l a n t   w e i g h t  (31) 
P 

c o n s t a n t   t h r u s t  

6 



The v a r i a b l e s   i n   q u e s t i o n  are G, tc, S ,  Sm, Wo, Wu, W Ws, wh i l e   t he re  
P' 

are only 7 re la t ions  which  def ine  the  problem. By using  Equations  (28),   (30),  
(31),  and  (32), i t  would   be   poss ib le   to   reduce   the   p roblem  to   four   var iab les  
def ined   by   th ree   re la t ions .   But   by  way of  comparison, w e  might s ta te  t h a t  i t  
is no t   conven ien t   t o   p roceed   t h i s  way. I n   f a c t ,   t h e   v a r i a b l e   t h a t   c a n   b e  im- 
posed  on the  problem  and  which  can  then  be  used  to   def ine  analyt ical ly  a l l  t h e  
o ther   quant i t ies ,   can   a l so   be   one   o f   the   four   var iab les   def ined   by   Equat ions  (28), 
(30) ,   (31) ,   and   (32) .   In   th i s  way, t h e   d e s i g n e r   h a s   g r e a t e r   l i b e r t y   i n  derlniILt; 
t he   rocke t ,   ( o r   r a the r   t he   f ami ly   o f   rocke t s )   wh ich   can   s a t i s fy   t he   r equ i r emen t s  
o f   t h e   d e s i g n   p r o j e c t   i t s e l f .  

By adopt ing   appropr ia te  criteria, suggested  from t i m e  t o  time by the  prob-  
l e m  posed, it is poss ib l e   by  means of Equation (27), which  connects   the di- 
mensionless   quant i t ies  E T u among t h e m s e l v e s ,   t o   c a l c u l a t e   t h e   v a l u e   o f   t h e  

quan t i t i e s   t hemse lves   ( a s   s een   i n   t he   g raph   o f   F igu re  5). 
C 

The above  four unknown va r i ab le s ,   i n t e rconnec ted  by d e f i n i t i o n s  (lo), ( l l ) ,  
and  (12)   of   dimensionless   quant i t ies  T 0 ,  c h a r a c t e r i z e  a family  of similar 

rockets .   S ince   one   o f   the   four   var iab les  i s  f ixed  by the  data   of   the   problem, 
the  remaining unknown va r i ab le s   p rove   t o   be   d imens iona l .   I n   t h i s  way, t h e  
assumed  dimensional   quant i ty   permits   the  select ion  of  a w e l l  de f ined   rocke t   t o   be  
made from similar rockets ,   thus   sa t i s fy ing   the   requi rements   o f   the   p roblem.  

The exactness   of   the  method  depends  on  the  values  assigned  to  the  constants 
and the   e r ro r   i n t roduced   i n   ca l cu la t ing   t he   ae rodynamic   r e s i s t ance .  

Constants g ( 4 )  and ;e ( 3 )   c a n   b e   s u b s t i t u t e d ,   a f t e r   a n   i n i t i a l   c a l c u l a t i o n ,  

by v a l u e s   c l o s e r   t o   r e a l i t y .  The average  value of dens i ty  6 (5) i n   t h e  
p rope l l ed   po r t ion   o f   t he   rocke t ' s   f l i gh t   can   be   i n t roduced   i n   exp res s ion  T (12), 
a f t e r  which a l t i t u d e  Z is  calculated.   Inaccuracy  can  thus  be  reduced  to  a 
minimum. C 

The va lue   o f   r a t io  c1 , between  the  densi ty   of   the  a i r  i n   t h e   p r o p e l l e d  
f l i g h t   p o r t i o n  and i n   t h e   i n e r t i a l   f l i g h t   p o r t i o n ,   c a n   b e   s u b s t i t u t e d   i n  a 
second estimate, as seen   in   Paragraph  5,  based   on   t he   r e su l t s   o f   t he   f i r s t  /11 
c a l c u l a t i o n .  

With regard   to   the   e r ror   in t roduced   by  v and h e n c e   t h e   r e s i s t a n c e ,  i t  R 
should   be   no ted   tha t  i t  is  p o s s i b l e   t o   e l i m i n a t e   t h i s   e r r o r   c o m p l e t e l y   b y   u s i n g  
a d i g i t a l  computer for   in tegra t ing   the   nondimens iona l   Equat ions   (2)  and (18).  

Graphs  such as those  mentioned i n  Paragraph 5 permit a g e n e r a l   s o l u t i o n ,  
depending  only on t h e   c o e f f i c i e n t   o f   r e s i s t a n c e  C and  on r a t i o  c1 , s i n c e  a l l  

o the r   cons t an t s  are introduced  by nondimensiona-l q u a n t i t i e s  E T 0 ( l o ) ,  (ll), 
and  (12) . 

R 

C 

7 



The  graphs  were  obtained  by  a  digital  computer,  with  the  coefficient  of 
resistance c and c = 0.32 and  with a = 0.07. R RC 

5. Numerical  Application  of  the  Method 

Given  the  attainable  altitude 2 and  the  weight  of  the  payload  W  the f U’ 
characteristics  of  the-single-stage  rocket  of  minimum  initial  weight  W  must 
be  defined. 0 

In  order to  specify  the  solution  it  is  first  necessary  to  define  the  field 
of possible  existence  of two nondimensional  quantities T and u .  This  is 
indispensable  because  of  the  possibility of limiting  the  numerous  solutions 
permitted  by  the  ballistic  treatment, so as  to  avoid  technically  unfeasible 
solutions. 

Such  limitations,  well  known  to  rocket  technicians  and  designers,  are 
dictated  by  practice  and  can  be  modified  later  on  the  basis  of  technological 
evolution. 

From  the  expressions : 

it  is  possible  to  graph  the  maximum  altitude  attainable  by  the  rocket Z f ’  as  a /12 
function  of  the  nondimensional  quantities E T u (as  seen  in  Figures 1, 2, 3 ,  
and 4 ) .  

C 

In the  Figure 5 graph,  the  situation  is  represented  for  the  projected 
altitude Zf, which  is  a  factor  in  the  problem,  and  for  the  possible  values of 
E T u .  
C 

We select  the  pair  of  values T and u which  minimize E C in  that  by 

wU 

wO 
1-EC (1 + Y) - =  (35) 
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t h e  minimum value  of  W i s  ob ta ined   fo r   t he  minimum value  of  E . 0 C 

Knowing E . T 0 Wo Wu , i t  is p o s s i b l e   t o   c a l c u l a t e   f r o m  (28) , (29)  , (31) , 
C 

and (32), a l l  o f   t he   o the r   quan t i t i e s   wh ich  are c h a r a c t e r i s t i c   o f   t h e   r o c k e t  
i n   t h e   f i r s t   a p p r o x i m a t i o n .  

I n  a second  approximation, it is  poss ib l e   t o   improve   t he   va lues   ca l cu la t ed ,  
w h i l e   b e a r i n g   i n   m h d  a more realistic d i s t r i b u t i o n   o f   t h e   d e n s i t y  ~f t h e  a i r .  

Z is c a l c u l a t e d  on t h e   b a s i s   o f  (21) , o r  on t h e   b a s i s  of the  graphs  reported 
i n   F i g u r e s  1, 2, 3, and 4 and   t he   ave rage   va lue . i s   de t e rmined   fo r   dens i ty  p a t  
the   end   o f   a l t i t ude  Zc ( r o c k e t   i n   p r o p e l l e d   f l i g h t )   a n d  a t  t h e  end  of a l t i t u d e  

Z ( r o c k e t   i n   i n e r t i a l   f l i g h t ) .  We may then  determine  the  value:  
P - 

cy' = e 
P f  

We c a l c u l a t e  ITe on t h e   b a s i s  of  Equation (20) o r  on   t he   bas i s   o f   t he  vC 

g raphs   in   F igures  6 , 7 , 8, and 9. 

From Equation (27), o r   t h e   g r a p h s   i n   F i g u r e   1 0 ,  w e  l e a r n   f o r :  

(Zf - z c ) / ~ ~ ~  and i s  the   va lue   o f  A. 

In   express ion   (21)   o f   the   nondimens iona l   quant i t ies :  

w e  s u b s t i t u t e   t h e  new, ca l cu la t ed   va lue  
c cy T O  RC 

of cy'. While T remains  the same, w e  must aga in   seek   va lues   for  E and u t h a t  

sat isfy  Equat ion  (21)   and,  a t  t h e  same t i m e ,  Equation (27 )  , which  can  be 
represented  by  the  graph of Figure 5 b. 

C 

- 
To f ind   such  pa i r s  of   values  (knowing A ,  CRc,(r ' ,  T), t h e   l i n e   r e p r e s e n t i n g  

Equation  (21) i s  s e e n   i n   F i g u r e  5. 

2 2 

A CRCa' T A CRC"'T 
0 =  2 -  - E  c 2 -  

(33) 
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- . . . . .. . 

The  point of intersection  with  the  graph  parametered  at T, represents  the 
values of and 0. 

Thus  we  obtain  a  new  rocket,  with  characteristics  and  design  approximating 
a  real  rocket. 

Numerical  Example 

A  rocket  with  the  following  characteristics  is  considered: 

Zf = 160 000 m 

W = 45 kg 

'fe = 1930  m/sec 
y = 0.40 

U 

It  is  assumed  that g = g, C = 0.32, a = 0.07. 

From  the  graphs  in  Figures 1, 2,  3, 4, 5, 6, 7, 8, 9, and 10,  we  obtain 

for ~ - f - 0.42  the  pair  of  values 0 = 12 and T = 2,  which  minimizes E = 0.685. 

RC 

Z 

-e2/P C 

vJ- 

vJ- 
Furthermore,  we  obtain - = 0.98, E 

8.0 10 , a' = 1.35 . 10 , and  A = 26. 

C /Y/i = 0.10, I p = 5.9 
C Y Pf = 

-6 -4 

Equation  (21)  thus  expresses  the  straight  line: 

0 = 34.4 - E * 34.4 
C 

which  is  traced  on  the  graph  of  Figure  5b. 

The  point  of  intersection: 0' = 10.2, T' = 2, E ' = 0.690,  Z ' - 162 000 m, 
C f 

2 
Zc' = 41 500 m y  vc = 1870  m/sec, Wo = 1300 kg, W = 896 kg, Ws = 359 kg, P 

= 13.1  sec,  G = 68.5  kg/sec, S = 13  300 kg, Sm = 0.125  m . 
tC 

6. Numerical  Application  of  the  Method 

Given  the  initial  weight  of  rocket W determine  the  types  of  rockets 0' 
having  the  maximum  possible  altitude Z and  the  maximum  payload W . f U 

- 
Assuming  that  the  following  values  are  known:  ve, y, CRc, CRY a 

- - 
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as  a  function  of (5 and  parametered  at T . See  Figures  11, 12,  13, and 14. 

The  payload  Wu  is  determined,  and  from  Equation (29) we  obtain E . The 
maximum  altitude  attainable,  and  the  values  of  two  nondimensional  parameters 
T and  o,are  obtained  from  the  graph  corresponding  to  value E . 

C 

C 

This procedure  is  used  for  the  selected  values  of  the  payload  and  then 
reported  in  Table  Zf = Zf (Wu). 

Numerical  Example 

The  following  values  are  given: 

Wo = 4000 kg 

v = 2500 m/sec e 
p = 0.29 
CRc = 0.32 

a = 0.07 

Numerical  Application  of  the  Method 

Given  the  completely  defined.  single-stage  rocket,  determine  the  payload 
W  which  increases  the  rocket's  attainable  altitude Z 
U f' 

From  definitions (10) and (12) of  the  nondimensional  quantities  and (5: 



G ve 
a =-=  cons  tan t 1 -  

wP 

( 3 5 )  

Equation ( 3 4 )  i s  subs t i t u t ed   i n   Equa t ion   (27 )  , which  then becomes a 
function  of T ,  E and a = constant .  

C Y  

By der iving  and  equat ing  Equat ion  (27)   to   zero,   which i s  thus  modif ied,  i t  
is  poss ib l e   t o   de t e rmine   t he   va lue  of L which   enables   the   rocke t   to   a t ta in  / 16 
t h e   h i g h e s t   a l t i t u d e .  C - 

Otherwise, i t  is  p o s s i b l e   t o   g e t   t h e   v a l u e   o f  E from  the  graphs  of 
C 

Figures   15,   16,  1 7 ,  and 18 where,   according  to  Equation  (27),  as modified, 
2 is t raced  as a function  of a and T .  f 1 

Numerical Example 

W = 34 kg 

Ws = 13.6  kg 

‘m 
G = 8.1 kg/sec 
tc = 4 . 2  sec 

v = 1860 m/sec 

0 = 10 * 

P 

= 0.0177 m 2 

- 
e 

G 

a =-= ve 45 

wP 
1 -  

From Figure  16,  w e  o b t a i n  E = 0.670,  from  which: 
C 

Wo = 51.7 kg 

Wu = 4.1 kg 
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r 

s 

From Figure 2 ,  w e  o b t a i n  Z = 69 000 m; Zc = 3300 m. f 

APPENDIX I - I17 

Op t imiza t ion   o f   t he   a l t i t ude   a t t a inab le   by  a rocket   def ined   by   fac tor  E 
C 

which, as w e  know, is  the   ra t io   be tween  the   weight   o f   the   p rope l lan t   and   the  
i n i t i a l   w e i g h t  of the  rocket ,   can  be  deduced  easi ly  by deriving  Equation  (27) 
w i th   r ega rd   t o  E and equat ing i t  t o   z e r o .  

C 

d(Zf Ge2ki) d J(Z -2 ) d (A2) 7 J(Zf-Zc) 
f c "- e 

" - " 

dEC g (A2) dEc g 
- - 

The expres s ions   o f   t he   i nd iv idua l  terms which make up Equation  (a) are 
explained as follows: 

1 vc 

A ve 
= - l o g  cos arc tan -= 

1 vc 2 
(- "1 
A ve - 
1 c  
A -  

v 2  
1 +(" - ) 

v 
'e 

d (A2) 2 - " 
€ C  F R C  aT5 

V 
C 

V 

@ (5) 1 1 +(- A) 
v 2  

V e A -  
V e 
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By substituting  (a)  for  (b),  (c),  (d),  (e),  and  (f), an  equation  is 
found  in  which T and cr are  assumed  to  be  parameters,  and E an unknown  factor. 

It is  not  possible  to  obtain  an  analytical  expression  of E for  the 

diverse  pair T and u,  since  Equation  (a) is transcendental.  However,  it  would 
be  possible  to  graphically  show  the  field  of  existence  of T and u ,  for  which 
(a)  offers a  solution,  and  which  are  thus  values  for  which  a  maximum  exists  for 
the  function: 

C 

C 

nowever  this  would  diminish  the  exactness  of  the  solution  to  the  problem  and 
would  be  a  useless  complication to the  method  explained  above. 

14 



" 

= 12 

22 

G= 2 

/ 
/- ". / 

/ 
/' G= 12 

/.=22 

Figure 1 

15 



I 

0.6 

Figure 2 

i 

16 



I 

/ I-"-- G= 12 

/- zc A)= 
/ L." ---E$ 

I, 
/ 

# 
' 3  

" ."" " LR-2r ""2- 
"" =="" 

0,s Ec i 

Figure 3 

17 



I G=12 

I 

I I 
" 

7.0 

Figure 4 

18 



5; 

G 

42 

32 

22 

12 

0 

I 

? 
." .. 

1 

Figure 5 

3 Ec 1.0 

19 



3; 

G 

22 

12 

2 
0 

-7 

ZZIIII 
42 1 

Figure 5b 

I -r r :  

20 



7 
G 

a= 12 

, 

6=2 

Figure 6 

21 



I I 

ti- 12 

_ _ ~  

6= 2 

Figure 7 

22 



.. - 

- 1  

-1 
I 

L 7/ 
/ 

6=52 75 
&/ 

" 

G= 12 - 

8=2 - 

Figure 8 

23 

I 



10 

48 - 

46 

Q4 L 7 f 
C 

Figure 9 

6 =2 

24 

I 



I I 

I 
I 

\ 
\vc/ve=0,2 

0 
0 1 fa A 1CO 

Figure 10 



Figure 11 

26 



LO. 10 

if 
v.'ls 

3G 

2G 

10 

T 

I 

I 

10 20 30 LO G 50 

Figure 12 

I 

27 



\ 

\ 

Figure 13 

28 



Figure 14 

29 

I 



I 

U -  

1 -  

3 -  

7 -  

10 

OO 
I 

I 

\ "1"" 1 

Ec I.0 

Figure 15 

30 



Figure 16 

31 



1 C 1 

Figure 17 

32 



. . .  

0.6 0,B fc 7.0 

Figure 18 

33 



REFERENCES 

1. 

2. 

3. 
4. 
5. 
6. 

Casci, C.: On the  Resolutions  of  Differential  Equations  for  Missile  Motion. 

Casci, C.: On the  Possibility  of  Missiles  in  Vertical  Flight.  Deductions 
Physic0  Mathematical  Studies  from  Ghisleriani  Studies. 

of  Fundamental  Parameters  of  the  Missile  Design  from  the  Characteristics 
of  Its  Position.  Presented  at  the  5th  Astronautical  Congress, 
Copenhagen, 1955. 

Chin, S. S.: Missile  Configuration  Design. 
Seifert, H. S.: Space  Technology. 
Boyd,  R.  L.  F.  and  M. J. Seaton:  Rocket  Exploration  of  the  Upper  Atmosphere. 
Davis, L., J. Fallin  and  L.  Blitzer:  The  Exterior  Ballistics of Rockets; 
Aerodynamic  Forces. 

Translation  prepared  for  the  National  Aeronautics  and  Space  Administration  by 
INTERNATIONAL  INFORMATION  INCORPORATED,  2101  Walnut  St.,  Philadelphia,  Pa.  19103 
Contract  No.  NASw-1499. 

34 NASA-Langley, 1967 - 31 F-489 


